The features of a homogeneous scalar field φ with classical Lagrangian
Introduction
The cosmological test "apparent magnitude -redshift", realised for SN Ia [8, 9, 24, 25, 26, 27, 28, 34] , and power spectrum of CMB temperature fluctuations, obtained in ground based, stratospheric and cosmic experiments [2, 11, 3, 12, 17, 19, 18] , surely show that the main part of energy density of the Universe -more than 70% -is dark energy. These and other observable data are satisfactory described by the cosmological model based on the Einstein equations with cosmological constant: Ω Λ = 0.74 ± 0.02 (see [1, 6, 31] and references therein). But its physical interpretation is rather problematic [14, 22, 23, 30] . Therefore alternative approaches -new physical fields (classical scalar field -quintessence, tachyon field, k-essence, phantom field, quintom field, Chaplygin gas), gravity and general relativity modifications, multidimensional gravity, branes and others -are analyzed (see reviews [14, 15, 13, 21, 23, 30] ).
In this paper the scalar field filling the Universe and causing its accelerated expansion is studied. The Universe is considered to be homogeneously filled with the dust matter (density in units of critical Ω m ) and dark energy (density Ω de and equation of state −1 ≤ w de ≤ −1/3). According to modern data the dust matter consists of cold dark matter (Ω cdm ≈ 0.21) and usual baryons (Ω b ≈ 0.05). The reconstruction of scalar field with classical and tachyonic Lagrangian is made for cosmological parameters derived from observations.
Cosmological model and scalar field equations
We consider the homogeneous and isotropic Universe with metrics of 4-space
where k = +1, 0, −1 for Riemannian, Euclidean and Lobachevskian 3-space respectively. The factor a(t) is a radius of 3-sphere (k = +1), 3-pseudosphere (k = −1) or the scale factor, normalized to 1 at current epoch (k = 0). Here and below the latin indices i, j, ... run from 0 to 3, the greek ones -over the spatial part of the metrics: ν, µ, ...=1, 2, 3. Henceforth we also put c = 1, so the time variable t ≡ x 0 has the dimension of a length. If the Universe is filled with dust matter and dark energy, the dynamics of its expansion is completely described by the Einstein equations
where R ij is the Ricci tensor and T (m) ij , T (de) ij -energy-momentum tensors of matter (m) and dark energy (de). If these components interact only gravitationaly then each of them satisfy energy-momentum conservation law separately:
(here and below ";" denotes the covariant derivative with respect to the coordinate with given index in space with metrics g ij ). For ideal fluid with density ρ (m,de) and pressure p (m,de) , related by the equation of state
(here and below a dot over the variable denotes the derivative with respect to time:
For constant w (m,de) these equations are easily integrated and dependences of dust matter and dark energy densities on the scale factor are simply obtained:
(here and below "0" denotes the present values). The matter is considered to be non-relativistic, so w m = 0. Let the dark energy be a scalar field φ(x, t) with classical Lagrangian
where V (φ) -potential energy density or the field potential. We suppose also the scalar field to be homogeneous in expanding homogeneous isotropic Universe (φ(x, t) = φ(t)), so its energy density and pressure depends only on time:
Then the conservation law (3) gives the scalar field evolution equation
where H =ȧ/a is the Hubble constant for any moment of time t.
If the Lagrangian of scalar field has the form
such field is called the tachyon one (see [20] and references therein). The energy density and pressure of the homogeneous tachyon field are defined as follows:
The conservation equation (3) describes the evolution of the tachyon field in a such way:
Let's define the dimensionless densities Ω m , Ω de and Ω k :
2 0 /8πG is critical density of the Universe at the present epoch and ka
0 -the 3-space curvature. Using them, the Einstein equations for the model of the Universe with dust matter, dark energy and curvature can be written in form:
where q = −ä/(aH 2 ) -the acceleration parameter for any time t. The first equation rewritten for the present time t 0 gives the equality:
From the second one it follows that the accelerated expansion (q < 0) is possible only when w de < −1/3. At the early stages of the evolution of the Universe q > 0 always and q → 0.5 when a → 0. The change of acceleration sign (moment when q = 0) or transition from deceleration to acceleration occurs at redshift z q which depends on the relation between the matter and dark energy densities:
To be a candidate for dark energy the scalar field with Lagrangian (6) must satisfy the conditionφ 2 ≤ V (φ). Ifφ 2 ≪ V (φ) then we will have the scalar field analogous to cosmological constant in the Einstein equationsw de = −1. For field with Lagrangian (8) the expansion accelerates when 0 ≤φ 2 < 2/3. The scalar field with Lagrangian (6) which satisfies the conditionsφ 2 > 0 and −1 ≤ w de ≤ −1/3 is called quintessence and cosmological models with Ω de > Ω cdm > Ω b are noted by QCDM. In this work we call QCDM both models (6) and (8) .
If H 0 , Ω m , Ω de and w de are derived from the observations of dynamics of the Universe acceleration and CMB temperature fluctuations, it is possible to find the form of V (φ). The allowed ranges for cosmological parameters determine the uncertanties in the quantities V , φ, q and others. We will reconstruct the scalar field for the cosmological model with parameters derived from WMAP and other projects data [31, 4] (the best-fit values and their 1σ-confidence intervals): 
where h ≡ H 0 /100km/s/Mpc. The equation (10) for the present time gives Ω k = 0±0.034. 
The evolution of quintessence
It is possible to find the scalar field φ and its potential V as the functions of time or the scale factor a using (7) and (10):
(here and below φ 0 = φ(a 0 )). The upper sign corresponds to the field growing in time, the lower sign -to the decaying one. Analogous expressions for the growing solution can be found in [16, 32, 20, 29] . Fig. 2 shows the evolution of φ(a) and V (a) for the best-fit parameters and their values at the upper and lower limits of the confidence intervals (12) . It has been found that for small a the most of variation is due to the uncertainty in w de and for a ∼ a 0 the uncertainty in H 0 becomes important. The uncertainty in φ is mainly caused by error of w de . When a → 0 then the potential V and kinetic termφ 2 go to ∞ in a such way that w de = (
2 + V ) = const. For known dependences φ(a) and V (a) the potential V (φ) can be presented in a parametric form (φ(a), V (a)). For the flat model (Ω k = 0) it is easy to find the explicit function V (φ). Really, for the model with only two components -non-relativistic matter and dark energy with w de = const -integral in (13) can be expressed via elementary functions:
Inverting it one easily gets:
So, at the present time such universe is dominated by the classical scalar field with the potential (16) . The similar expression (for the growing solution) was found also in [29] . If a → 0 the field φ(a) goes to a finit quantity φ a=0 :
and potential V goes to ∞. In the case of the non-flat 3-space (Ω k = 0) it isn't possible to compute the integral in expression for the scalar field (13) analyticaly. But, taking into account the smallness of the quantity Ω k , we represent it as:
where Figure 3 : Rolling down of the quintessence which causes the accelerated expansion of the Universe. The left plot corresponds to the field growing in time, the right plot -to the decaying one. The time is marked along the curves by points in the interval 0.1a 0 of the scale factor: the left end points correspond to t ≈ 0, the right end points -the moment which is close to present (left), the right end points correspond to t ≈ 0, the left end points -to the moment which is close to present (right). Triangles denotes the moments when the sign of the acceleration changes (z q ), squares -the moments of the matter and dark energy densities equality (z de ).
where 2 F 1 (a, b; c; z) ≡ F (a, b; c; z) -hypergeometric function of argument z with parameters a, b, c [7] . It is obvious that now we can't invert φ(a) and get the explicit expression V (φ), but the inverse function φ(V ) can be easily written.
Comparison of the results of numerical evaluation of (13) with the linear approximation (17) shows, that the error of this approximation is not larger than 0.08% (at the 1σ-confidence limits of parameters).
The potentials V (φ) for the best-fit parameters w de , Ω m , Ω de , H 0 and their values at the upper and lower limits of the confidence intervals are shown in Fig. 3 (time intervals are marked along the curves by points). It can be seen that 2 independent symmetric with respect to φ − φ 0 = 0 potentials exist. The shape of the curves suggests that here we have the phase transition -rolling down of the field φ to the minimum V (φ) = 0 which is located at φ → ±∞ (a → ∞). It has been found that for φ(a ≈ 0) the difference is maximal for the curves with the different values of w de , when for φ(a ∼ a 0 ) the variation of V (φ) is caused mainly by the uncertainty in H 0 .
Evolution of the tachyon field
For the scalar field with Lagrangian (8) and w de =φ 2 − 1 = const it can be seen that φ − φ 0 = √ 1 + w de (t − t 0 ): the tachyon field is proportional to the time. However, it is convenient to represent the field φ and its potential V as functions of the scale factor a or redshift z. For given Ω de , Ω m , w de and H 0 using (9) and (10) one can find φ(a) and V (a):
Figure 4: The tachyon field φ (solid line corresponds to the growing, dashed -to the decaying solution) and its potential V as functions of the scale factor a.
(similar expressions for the growing solution can be found in [20, 10] ). The dependences φ and V on a for the best-fit cosmological parameters and their values at the upper and lower limits of 1σ-confidence intervals are shown in Fig. 4 . It has been found that for small a the variation of the potential is mainly caused by the uncertainty in w de and for a ∼ a 0 the related to the uncertainty in H 0 one becomes significant. The uncertainty in w de is also important for the variation of φ.
For Ω k = 0 we can get φ(V ):
When a → 0 the field φ goes to a finit value φ a=0 :
If Ω k = 0, the integral (18) can't be solved analyticaly, but analogically to quintessence it can be written as follows:
where [φ(V ) − φ 0 ] (k=0) is (20) for the flat model and linear in Ω k correction is The left plot corresponds to the field growing in time, the right plot -to the decaying one. The time is marked along the curves by points in the interval 0.1a 0 of the scale factor: the left end points correspond to t ≈ 0, the right end points -the moment which is close to present (left), the right end points correspond to t ≈ 0, the left end points -to the moment which is close to present (right). Triangles denotes the moments when the sign of the acceleration changes (z q ), squares -the moments of the matter and dark energy densities equality (z de ).
Comparing the results of the numerical calculation of (18) with (21), we see that the error of the linear in curvature approximation is not larger than 0.08% for tachyon field too (at the 1σ-confidence limits of parameters). The potentials V (φ−φ 0 ) for the best-fit parameters w de , Ω m , Ω de , H 0 (12) and their values at the upper and lower limits are shown in Fig. 5 . In this case 2 independent solutions symmetrical with respect to φ − φ 0 = 0 also exist. The shape of the curves suggests that here we have the phase transition -rolling down of the field φ to the minimum V (φ) = 0 which corresponds to φ → ±∞ at a → ∞ too. It has been found that uncertainties of the reconstrution of the tachyon field are caused by uncertainties in w de , Ω de , H 0 similarly to the classical scalar field.
The particle and event horizons
Let's discuss the size of the observable part of the Universe. The causally conected region which can be in principle seen at a given time is delimited by a particle horizon. From the equation of the light cone ds 2 = 0, on which light propagates, we find that the rate at which the radius r of a wavefront in metrics (1) for ϕ = ϑ = const changes is
and the physical distance traveled by light from the Big Bang (t = 0) to the time t (the particle horizon radius) is
The event horizon delimits the region from which we can ever (up to t = ∞) receive information about events taking place at time t:
Taking into account the equation (10) these integrals explicitly read
for the particle horizon and
for the event horizon.
In the case of the flat 3-space it is possible to obtaine the analytical expressions for the particle horizon radius
and for the event horizon radius
For Ω k = 0 the integrals (22) and (23) can't be solved analyticaly, so analogically to the fields we present them in the following form:
where R p(k=0) and R e(k=0) correspond to case of Ω k = 0. The linear in curvature corrections are
Comparison of the results of the numerical computation of (22)- (23) with (24)- (25) shows that in the linear in Ω k approximation the error is not larger than 0.04% for the particle horizon and 0.05% for the event horizon (at the 1σ-confidence limits of parameters).
In the left panel of Fig. 6 R p (a) and R e (a) are plotted for the best-fit cosmological parameters and their values at the upper and lower limits of 1σ-confidence intervals. For the particle horizon the main uncertainty is caused by uncertainties in the Hubble constant and matter density, for the event horizon -by the uncertainty in w de . The plots for the ΛCDM-model (thin lines) are also shown for comparison (the lines R p (a) for both models practically overlap).
The fact that at the present epoch the event horizon is smaller than the particle horizon means that the size of the observable today part of the Universe which is determined by the quantity R p (a) refers really to earlier time moments when the given region was situated inside the event horizon (the part of Fig. 6 for which a ≤ 0.35 or z ≥ 1.86 ). Let's study the temporal evolution of the scale factor. It is obvious that
The explicit function t(a) in the case of zero 3-space curvature is
For Ω k = 0 the integral (26) can't be solved analyticaly, but when Ω k ≪ 1 it is conveniently to present
where t (k=0) is the exact expression (27) for the flat 3-space model. Linear in Ω k correction is
Comparing the linear approximation with the results of the numerical integration of (26), it is easy to see that in this case the error is not greater than 0.07% (at the 1σ-confidence limits of parameters). The right panel of Fig. 6 shows the scale factor as a function of time for the best-fit cosmological parameters and their values at the upper and lower limits of 1σ-confidence intervals. The main variation in a(t) for t ≥ 2 · 10 17 s is caused by the uncertainty in H 0 . It can be easily seen that for small t the scale factor grows as a ∼ t 2/3 (decelerated expansion) and later (at t ≈ 2 · 10 17 s) the (quasi)exponential accelerated expansion begins -a ∼ exp Ht. As it can be seen from Fig. 6 , in the early Universe (a ≤ 0.35, z ≥ 1.86) the event horizon radius is larger than the particle horizon one both in the ΛCDM-and QCDM-models. But in the later epoch (a ≥ 0.35, z ≤ 1.86) R p (a) ≥ R e (a). At the present epoch (t 0 ≈ 14 billion years) R (0) p ≈ 15 Gpc, R e ≈ 5.5 Gpc. For comparison, in the QCDM-model with parameters (12) the distance to quasars with z = 2 is ≈ 5.3 Gpc and to the CMB last scattering surface is ≈14.5 Gpc. It means that the events which take place on the constant-time t = t 0 hypersurface at distance r > R e will never be seen by a terrestrial observer. So, the quasars with z ≥ 2 have emitted the detected today light when the age of the Universe was t ≤ 3.5 billion years. When in future the terrestrial astronomers will study the objects on the constant-time t = t 0 hypersurface, the observable today quasars with z > 2 will be already outside the particle horizon and will never "reenter" it.
CMB temperature and matter density fluctuations power spectra
We have analyzed the features of quintessence and tachyon field for the cosmological parameters derived from the observations of the CMB temperature fluctuations and inhomogeneities of the galaxies spatial distribution power spectra and the dynamics of expansion of the Universe. Fig. 7 shows the observed (circles) and computed power spectra for model with dark energy in the form of scalar field (6), (8) As we can see, the curves of CMB temperature fluctuations power spectra for the QCDM-and ΛCDM-models almost overlap and well approximate the observable data from the WMAP experiment [18] . The difference is maximal near the third acoustic peak (ℓ ∼ 700 − 800). The goodness of the approximation of the observable spectrum by a model is characterised by the quantity χ 2 : for the QCDM-model χ 2 = 35.0, for the ΛCDM-model χ 2 = 37.2. Such difference isn't significant for 39 observable points, but suggests that the QCDM-model with the given parameters is a bit closer to a model of the observable Universe. The higher precision of data in the region near the third acoustic peak which is expected in the planned experiment PLANCK would allow us to make a choice between the ΛCDM-and QCDM-model. In the case of matter density perturbations power spectra the situation is similar to that of CMB one. The unfilled circles in the right panel of the figure show the galaxies concentration perturbations power spectrum from the digital sky survey SDSS [33] . The matter density perturbations power spectra for the ΛCDM-and QCDM-models are simply related to it as P SDSS (k) = b 2 P (k), where b is the bising parameter determined by minimization of χ Thus, the coincidence of the QCDM-model with observations is a little better than of the ΛCDM-model, but the difference of χ 2 min -criterion isn't sufficient.
Conclusion
In Fig. 1, 6 it is shown that the dynamics of expansion of the Universe and its horizons are almost the same for the ΛCDM-and QCDM-models with the parameters derived from the same observable data. The differences of the corresponding quantities in the ΛCDM-and QCDM-models are comparable to the uncertainties caused by the experimental data errors. At redshifts z > 5 the dynamics of expansion of the Universe becomes the same as for the standard CDM-model: Ω m = 1, q = 1/2. It means that for identification of the source causing the accelerated expansion of the Universe (cosmological constant or dark energy) the errors of data of observable cosmology must be reduced approximately by an order. It is shown also Figure 7 : The CMB temperature (left) and matter density (right) fluctuations power spectra for the models of Universe with dark energy: quintessence (solid line), cosmological constant (dashed).
that the cosmological effects of the quintessence and tachyon field can be indistinguishable. The accelerated expansion of the Universe for these dark energy models is caused by slow rolling down of the fields φ to their minima V → 0 at φ → ±∞ (Fig. 3, 5 ). For both fields φ − φ 0 is finit when a → 0, but V (a → 0) → ∞. For the QCDM-model of the Universe with parameters (12) the evolution of both fields is calculated ( fig. 2, 4) . The quintessence has in this model such features: V (a) = 3695(a 0 /a) 0.255 eV/cm 3 ,φ 2 /V = 0.0888, the tachyon field -V (a) = 3691(a 0 /a) 0.255 eV/cm 3 ,φ
